In relation to the development of a Rolling Wheel Deflectometer (RWD), which is a non-destructive testing device for measuring pavement deflections, a finite element model for obtaining the soil/pavement response is developed. Absorbing boundary conditions are necessary in order to prevent reflections of the waves propagating through the soil due to the dynamic loading. The Perfectly Matched Layer (PML) has proven to be highly efficient when solving transient wave propagation problems in a fixed mesh. However, since the RWD is operating at traffic speeds, the load is moving with high speed and a formulation in a moving mesh is therefore more convenient. In this paper, a formulation of the PML is developed in the moving frame of reference. Numerical results are presented for a single layer and a double layer half space, respectively, subjected to a moving load of different velocities.
INTRODUCTION
The Rolling Wheel Deflectometer (RWD) is a non-destructive testing device operating at traffic speed for measuring pavement deflections. The RWD is equipped with a heavy load on the rear-most axle under which the pavement deflections are measured. A 2D finite element model is developed in order to obtain the soil/pavement response from a transient dynamic load simulating the heavy load from the RWD. Absorbing boundary conditions are necessary in order to prevent reflections of the waves propagating through the soils due to the dynamic loading. As the load is moving at high speed, the use of a fixed mesh will require a very large computational domain in order to capture the response under the moving load before it leaves the domain. This can be quite costly and limit the analysis to a rather short time interval. A formulation in the moving frame of reference is therefore more convenient.
A local transmitting boundary condition formulated in convective coordinates developed by Krenk et al. [1, 2] has been used in transient vibration analysis of railway-ground system under fast moving loads [3] . The formulation is simple and computationally fast, essentially being equivalent to an oriented spring-damper configuration at the boundary nodes, based on planar waves with a single point of origin. In the moving coordinate system, the directions of propagation of P-and S-waves are modified to account for the translation of the frame of reference.
The radiation formulation can be made more general and robust by extending it to non-local form by using an additional attenuation layer around the computational domain, in the form of a Perfectly Matched Layer (PML) first proposed by Berenger [4] to electromagnetic waves. Later PML was formulated for the elastic wave equation in e.g. [5, 6, 7] . However, in this approach the solution for the displacements is dependent on computation of the strains in each time step. A simpler procedure, depending only on the displacements, using an artificially anisotropic material description of the PML layer, was recently proposed in [8] . Compared to the spring-damper configuration, the additional layer contains more information about propagation directions and has proven to be highly efficient when solving transient vibration problems in a stationary frame of reference [8] . The PML has not yet been formulated in the moving frame of reference.
In this paper, a formulation of the PML is developed in translating coordinates based on the PML formulation in [8] . Numerical results are presented for a half-space subjected to a moving load of different velocities and a half-space of multiple layers.
PERFECTLY MATCHED LAYER
The standard PML formulation of [8] , valid for transient wave propagation in a stationary mesh, is generalized to a moving mesh. The key concept of the PML is a coordinate transformation in which the spatial variables are mapped onto complex space by a so-called complex stretching function. The mapping replaces propagating waves with exponentially decaying waves as the propagating waves passes the PML interface. The general equation of motion is written as ∇σ + p = ρü (1)
where u = [u 1 , u 2 ] T is the displacement vector, p = [p 1 , p 2 ] T is the load vector, and (˙) denotes temporal differentiation. σ is the stress tensor defined by
In the absorbing layer the original coordinate variables x i , (i = 1, 2) are replaced with the complex stretched coordinate variablesx i , defined bỹ
where ω is the angular frequency and s i are the stretched coordinate functions proposed in [9] 
where i denotes the imaginary unit and β ≥ 0 is a real function which controls the attenuation of the wave propagation. Applying the stretched coordinates to the equation of motion (1) in a frequency representation yields
Because the equations in the complex stretched coordinates are on the same form as those in the non-stretched coordinates, waves are passing through the PML interface without causing any reflections [10] .
The introduction of the stretched coordinates yields an anisotropic formulation of the equation of motion, expressed by ∇ s . To keep the expressions of the divergence and the gradient in non-stretched coordinates, the anisotropy is moved to the material description by a modification of the constitutive relation, allowing for the use of the same kinematics in the computational domain and PML domain. Equation (6) is multiplied with the product s 1 s 2 and a new set of stress variables is introduced, defined in tensor form as
By substitution of equation (7) into (2) and modifying the constitutive relation, the equation of motion with the new stress variables can be written in non-stretched coordinates as
where the constitutive relation is modified tõ
with no summation over indices i and k. This formulation leads to an artificial anisotropic material description sinceC 1111 =C 2222 .
For a general FE-implementation, equation (9) is formulated in Voigt notation, and the constitutive law then reads 
whereC 11 = s 2 C 11 /s 1 ,C 22 = s 1 C 22 /s 2 , and the shear-related parameters are given bỹ
Equation (11) can be written in the compact formσ v =C∂u where subscript v indicates Voigt notation and the strain-displacement operator is
The derived equations cover both the computational domain and the PML regions since β i = 0 in the computational domain which leaves s i = 1, resulting in the general formulation of the wave equation.
The frequency-dependent equation of motion (8) is transformed into the time domain using the inverse Fourier transform [11] , yielding
where the operator D 0 (t) is the inverse Fourier transform of −ω 2 s 1 s 2 , given by
The modified constitutive relation is given bỹ
where C is the non-stretched constitutive matrix and C 1 , C 2 represent two stretched parts of the constitutive matrix, see the appendix. The operators F 1 (t) and F 2 (t) are the inverse Fourier transform of s 1 /s 2 and s 2 /s 1 , respectively, given by
Convective coordinates
The formulation in a fixed coordinate system X i , is transfered into a moving coordinate system x i , via the relation [1] x
where V is the velocity of the vehicle. The equilibrium equations are expressed in the moving coordinate system by introducing the partial differentiation operators
following from the relation (22) between the two coordinate systems. Substitution of the operators into Equation (16) modifies the equilibrium equations to
with the convected operator
The convolution equations related to (17) are not directly dependent on time, hence they remain unchanged. The transformation from fixed to moving coordinates only modifies the ordinary equation of motion, making it simple to implement in the PML formulation.
Finite element implementation
The principle of virtual work is used to obtain the weak formulation of the equation of motion (24), yielding
The spatial variation of the actual and the virtual displacement fields are represented by shape functions as
with the shape functions N on the form
and N in a similar form. Separating the convolution terms in the operators F 1 (t) and F 2 (t) the following set of ordinary differential equations is obtained
where d is the global displacement vector. f is the global force vector determined by
where only point loading on the free surface is assumed. The element mass, damping and stiffness matrices M e , Z e and K e , are given by
where B denotes the strain-displacement matrix and N the shape functions with x-derivative N x = ∂N /∂x. Assuming constant PML parameters inside each element the convolution vectorg is given byg
where the element matrices K 1 and K 2 are given by
The convolution terms F p * u(t) are defined on each element of the mesh and are discontinuous from one element to another since the PML parameters are assumed element-wise constant. The general appearance of the convolution term is
with indexp being the complement of p. When assuming u(t) piece-wise constant in the time interval [t n , t n+1 ], the solution can be reformulated to increment form via integration by parts, and the convolution integrals then only require information from the last time step. The finite element equation system is solved for the displacements using bilinear elements with a Newmark-based time integration method, see e.g. [8] .
NUMERICAL EXAMPLES
Two numerical examples are presented to demonstrate the absorbing properties of the suggested formulation in translating coordinates. The two examples involve a moving transient dynamic load traveling on the surface of a single layer half space and a double layer half-space, respectively, see Figure 1 . The layers are indicated in Figure 1 as the areas Ω 1 and Ω 2 and the PML layer surrounds the computational domain indicated by a dashed line. The computational domain is 156m wide, corresponding to approximately two pressure wave lengths, and 78m deep. The material parameters of the two layers are listed in Table 1 . The dynamic response is obtained from two observation points A and B placed on each side of the load at a distance of 39m corresponding to slightly more than one half pressure wave length. The load is defined as
where δ is the Dirac delta function and x c is the location of the point source with temporal evolution T (t) defined by
where τ = 2t/T − 1. The total duration of the pulse is T = 0.2s and the dominant frequency of the pulse is f = 1/T = 5Hz. In the numerical examples, the maximum load is F max = 1MN. The spatial dependence of the PML parameter β i in the x i direction is chosen as in [8] 
in which x p i is measured from the interface to PML and d i is the thickness of the PML layer. The coefficient β max i is given by [8] 
for i = 1, 2. Here R 0 is the theoretical reflection coefficient at normal incidence and c p is the pressure wave velocity. In this example the following values for the parameters are chosen to: R 0 = 10 −8 , n 1 = 3, n 2 = 0 and d i = 84m corresponding to slightly more than two Rayleigh wave lengths.
Example 1: Single layer
In the single layer experiment the material parameters of the layers indicated in Figure 1 are equal, corresponding to material Ω 2 in Table 1 . The element edge length is ∆x 1 = ∆x 2 = 3.9m corresponding to 20 elements per pressure wave length, and the time step is ∆t = 0.0071s such that it meets the CFL condition defined by 
Example 2: Two layers
The material properties of the two layers are given by Ω 1 and Ω 2 as indicated in Figure 1 . The top layer indicated by Ω 1 has a thickness of 7.8m and it is half as stiff as the bottom layer. Both the computational domain and the PML domain experience a change in material parameters at the interface between the two layers. The same element edge length and time step is used as in Example 1, where the time step ∆ t = 0.0071 is determined based on the thicker bottom layer to ensure observance of the CFL condition in the entire domain. The time evolutions of the pulse obtained from observation point A and B are illustrated in Figure 3 . The introduction of a softer surface layer causes a general increase in the response for all three velocities. It also becomes more clear that the response increases with velocity at point B, while it decreases at point A. However, in spite of the sudden material change at the interface between the top and bottom layers, the PML works very well for all three velocities. Only a slight disturbance is observed after the wave has passed. This may be avoided by adjusting the parameter β or by increasing the thickness of the PML layer. 
CONCLUSION
The PML formulation for transient wave propagation has been generalized to a moving frame of reference. The transformation from fixed to moving coordinates only modifies the ordinary differential equation of motion and is therefore simple to implement in the PML equations. The applicability of the formulation was successfully tested on two numerical examples; a single layer and a double layer half-space, respectively.
